
J. THERMOPHYSICS, VOL. 8, NO. 4: TECHNICAL NOTES 795

term must be added to Eq. (30) to subtract this portion of
the radiative energy. Also, the collisional mass production
term must be removed from the right side of Eq. (30). In the
bound-free radiative processes, most of the radiation ab-
sorbed or emitted affects the zero point energy of the gas
through the production or destruction of ionized or disso-
ciated species. If the quantity of radiation absorbed or emitted
in the bound-free processes is relatively small, the zero point
energy could be removed from Eq. (31) without adding the
correction term to Eq. (30). However, as the bound-free pro-
cesses become more significant, this could result in unrealis-
tically large electron/electronic temperatures. In this case, the
zero point energy should be included in Eq. (31). In order to
properly include the influence of this term, however, it is also
necessary to add the effects of radiative transfer on the chem-
ical production of each species as given by Eq. (16).
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I. Introduction

A LTHOUGH magnetohydrodynamic (MHD) boundary
layers have been the subject of considerable study,1"5

little has been published on the physics of highly magnetized,
high Reynolds number flows. The work presented here is an
analysis of the self-similar solution to an idealized problem:
the two-dimensional flow of a magnetized plasma moving
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Fig. 1 Geometry of the experiment of Di Capua and Jahn.6

above an insulating surface. This analysis can be used to
understand the physics of magnetoplasmadynamic (MPD)
thrusters such as the system considered by Di Capua and Jahn6

and shown in Fig. 1.
The definition of the problem is the following: The magnetic

field is oriented in the z direction. The plasma flows in the
region y > 0. The boundary, located at y = 0, is a perfect
conductor for x < 0 and an insulator for x > 0. At large
distances from this boundary the plasma velocity is parallel
to y = 0 and is oriented towards x = +°°. The analysis is
based on a simple one-fluid MHD model with constant trans-
port coefficients. It is assumed that the Reynolds and the
magnetic-Reynolds numbers are large. In addition to the clas-
sical viscous and thermal boundary layers, a magnetic bound-
ary layer develops near the insulating surface. Strong electric
currents appear in this boundary layer. Ohmic heating re-
leases the electromagnetic energy convected by the plasma
leading to an increase of its temperature.

The traditional approach to the analysis of compressible
boundary layers is to find a similarity transformation derived
from the Illingworth-Stewartson transformation, which turns
the boundary-layer equations into a variation of the Blasius
equation. A different approach is taken here. It consists of
applying a simple geometric transformation to the coordinates
and solving the resulting system of ordinary differential equa-
tions with a numerical solver. The results show that the con-
version of the electromagnetic energy into thermal energy
leads to high temperatures and heat transfer rates near the
insulator surface, and that under certain conditions the bound-
ary layer draws the flow towards the insulating surface.

II. Formulation
In Cartesian coordinates the equations can be written
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The dependent variables: p, v, P, T, 5 represent, respec-
tively: the density, velocity, pressure, temperature, and the
component of the magnetic field in the ez direction. The trans-
port coefficients are a for electric conductivity, A and IJL for
viscosity, and k for heat conductivity. The coefficient JJL(} stands
for the magnetic permittivity of vacuum.

The variables are scaled by their reference values: p0, MO,
P0, r0, B0, L0. The reference length scale is chosen equal to
A™ = (fJLoO-Uo) ~l. This is the length scale at which the diffusive
effects balance the convective effects in the magnetic field
equation. The conditions at large distances can be used to
define an intrinsic Mach number and an intrinsic Mach-Alfven
number, respectively, equal to

Ml = Mo and Ml =
+

In order to leave M(l and Mv invariant the reference variables
are required to satisfy

(flg/2/io) = P0 = p()ul

Two reference variables are chosen arbitrarily

M0 = lim u and p0 = lim p

with the following boundary conditions: /?(«>) = pe, £/(oo) =
w,, r(oo) - 7;, #(oo) = 6,, £/(o) - o, w(o) - o, £(0) = o.
For the temperature condition at the wall, one can define
either a "cold" wall condition: T(0) = T0, or an insulated
wall condition: (3T/dY)0 = 0. The system of ordinary differ-
ential equations is integrated numerically with the package
called COLNEW written by Ascher et al.7

III. Discussion
The results for the "cold wall" condition are shown in Fig.

2. The parameters for this calculation are Ma = 3.323, Mv =
1, Pr = 1, and Pm = 0.001. In this figure the horizontal
coordinate is 77 and the vertical coordinate represents the
values of the density R, the longitudinal velocity U, the mag-
netic field B, the pressure P, the normal velocity W, and the
temperature T.

The results indicate the existence of a strong heat transfer
near the wall. As the viscous and thermal diffusion decrease
relative to the magnetic diffusion, the thermal effects become
more pronounced. In the cold wall problem this means that
the heat flux increases as the Reynolds number goes to infin-
ity. In the "insulating wall" problem this means that the wall
temperature increases.

For certain values of the parameters, the boundary layer
draws the fluid towards the wall. Once the fluid has penetrated

The other reference variables are derived from the definition
of Ma and Mv.

The nondimensionalization of the equations introduces two
independent nondimensional numbers related to the momen-
tum and heat transfer phenomena. The following numbers
were chosen: the Prandtl number, Pr = Cp^lk, and the equiv-
alent of the Prandtl number for the magnetic diffusion, Pm
= er/jLo/A/po- The transport coefficients cr, A, IJL are considered
constant across the boundary layer.

To transform the problem into a self-similar problem the
first step is to rescale the variables by the following transfor-
mations: x = (XI e), y = (Y/vV), and

(p, M, v, t,p, b) = (R, U, sl/2V, TV P, B) + -"

where jc, y, p, u, v, t, p, b are the nondimensional variables,
and s —> 0. This leads to a set of boundary-layer equations.
The second step is to find a similarity transformation that
turns these equations into a system of ordinary differential
equations. For a flat plate, one can use the following trans-
formation where the independent variables become rj = (Y/
V^O, £ = X, and the dependent variables take the form:
R = R(jj), U = U(>q), V = r 1/2W(T?), T = r(ry), P = P(y),
and B = B(r/). Substituting the new variables and keeping
the terms of dominant order in f, leads to a system of ordinary
differential equations

- T, (RU) + (RW) = 0
2 dj] drj

- U I — - - —
2 / dr? 2 dr?
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Fig. 2 Boundary layer over a flat insulator for the cold wall condition.
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Fig. 3 Streamlines above an insulator plate.
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inside the boundary layer the direction of the normal velocity
changes and the fluid moves away from the wall. This phe-
nomenon is visible in Fig. 3, which shows a few streamlines.
The viscous and thermal diffusion must be small for this phe-
nomenon to appear. In other words the magnetic Prandtl
number Pm must be lower than a critical value P*7. For an
insulating wall this critical value falls in the interval (0.002,
0.005). For a cold wall it falls in the interval (0.03, 0.1) when
r(0) = 1. Both results are for the conditions Ma = 3.323,
Mv = 1, P, = 1.

In addition, the density shows a maximum in the middle of
the boundary layer. This can be explained in the following
way: As the fluid moves into the boundary layer it first under-
goes an adiabatic compression under the influence of the mag-
netic pressure. (This can be seen by looking at the direction
of the Lorentz force:/ = j x b.) Thus, as the magnetic field
decreases, the gas pressure rises. This adiabatic compression
leads to an increase in the density, p ~ /?06, and in the tem-
perature: t ~ p°-4. As the gas penetrates inside the boundary
layer the Ohmic heat release becomes significant and the
compression is no longer isentropic. The temperature t in-
creases under the influence of the Ohmic dissipation as well
as the viscous friction. Since the pressure is approximately
constant, the density decreases. Next to the wall the heat
diffusion balances the heat generation (Ohmic and viscous
friction), and the density may either increase or decrease
depending on the type of boundary condition considered.

Experimental results that could be used to check the pre-
dictions of this analysis are difficult to find. The current dis-
tribution for the parallel-plate thruster tested by Di Capua
and Jahn6 is shown in Fig. 1, but other variables were not
reported.

IV. Conclusions
It has been shown that the presence of insulating surfaces

downstream of a plasma containing a residual magnetic field
will give rise to very intense local heating along the surface
of the insulator. This heating is the result of the recovery of
the gas kinetic energy released by viscous friction, as well as
the recovery of the residual electromagnetic energy released
by Ohmic heating. At high values of the magnetic Reynolds
number the flow is drawn towards the insulators and the den-
sity reaches a maximum in the middle of the boundary layer.

This article also proposes a new similarity method to solve
boundary-layer problems. This method was applied to a com-
pressible magnetodynamic boundary layer, but can also be
applied to many boundary-layer problems traditionally stud-
ied using the Illingworth-Stewartson transformation.
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Introduction

M ETAL-FILM sensors have been widely used as tem-
perature sensors, heat flux sensors, shear-stress sen-

sors, and recently as separation detectors. In all of these ap-
plications, the thermal storage in the sensor can be neglected
if the metal film is "thin." Schultz and Jones1 indicate that
the thermal storage in the sensor may be neglected for heat
flux sensors in a flow containing frequencies below 10 kHz if
the metal film is less than 0.1 ̂ im. However, the sensor studied
in this Note has a thick metal film with thickness e of 6 jam
on a polymer substrate that is glued to a surface for use in
an airflow. The advantage of a thick-metal sensor is that it
can carry more electric current, and therefore gives a higher
output voltage. The present research is to develop numerical
and analytical models of the thick sensor that include thermal
storage in the sensor.

Transient conjugate heat transfer analysis is carried out with
the unsteady surface element (USE) method. The USE method
is a boundary discretization method and is a very efficient
method for solving conjugate heat transfer problems.2 In this
Note, the temperature response of the sensor is determined
from analysis of three bodies (air, hot film, and polymer sub-
strate). The average temperature of the hot-film sensor is
determined, with known heat flux input to the hot film and
with known air velocity. The present work that involves steady
airflow with transient heat transfer is a first step toward tran-
sient airflow analysis of these sensors.

Boundary Value Problem
Figure 1 shows the geometry of the conjugate heat transfer

problem. The two-dimensional geometry applied here is ap-
propriate for the large aspect ratio (bla = 85) hot-film sensor.
Refer to Park and Cole3 for the actual configuration for hot-
film sensors provided by Pratt & Whitney United Technol-
ogies. The parameters a and b are stream wise and span wise
half-length of the hot film, respectively. All material prop-
erties are treated as constant values (small temperature rise
assumed). A single-layer substrate with an effective thickness
D is used to represent the actual multiple-layered solid com-
posed of a polymer layer, glue layer, and the underlying metal
surface to which the sensor is glued. For airflow, radiation
and natural convection are neglected, viscous dissipation is
neglected, and the stream wise conduction in the flow is ne-
glected. The airflow has a linear velocity profile (u = fiyf).
Although the hot film is thermally thick, it is mechanically so
small that it does not disturb the airflow.
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